Abstract: We give necessary and sufficient conditions for various vertex-transitivity of Cayley graphs of the class of completely 0-simple semigroups and its several subclasses. Moreover, the question when the Cayley graphs of completely 0-simple semigroups are undirected is considered.
Introduction
The Cayley graphs of semigroups are closely related to finite state automata and have many valuable applications, see the survey [9] and [7, Section 2.4] . These graphs have received serious attention in the literature, see e.g. [1-3, 5, 8] . It is well known that Cayley graphs of groups are automatically vertex-transitive. This is far from true for Cayley graphs of semigroups. On the other hand, by [8] , Cayley graphs of semigroups can be regarded as a source of possibly new vertextransitive graphs. In [8] , the authors investigated vertex-transitive Cayley graphs of semigroups in general, and in [6] considered the undirected Cayley graphs of general semigroups. Following [8] and [6] , many authors have studied vertextransitivity and undirectness of Cayley graphs of specific semigroups which have good or concrete algebraic structure and obtained vertex-transitive graphs and undirected graph from these Cayley graphs, cf. [2, 10, 11] . In particular, in [11] the transitivity of Cayley graphs of strong semilattices of right and left groups is addressed and in [10] the case of rectangular groups is considered.
It is well known that completely 0-simple semigroups have concrete algebraic structure. In fact, every completely 0-simple semigroup is isomorphic to a Rees matrix semigroup over a group with the zero adjoined. Thus, it is natural to study vertex-transitivity and undirectness of Cayley graphs of completely 0-simple semigroups.
Our main results are necessary and sufficient conditions for vertex-transitivity, weak vertex-transitivity, color-preserving vertex-transitivity and weak color-preserving vertex-transitivity and undirectness of Cayley graphs of the class of completely 0-simple semigroups and its several subclasses. In particular, we prove that vertex-transitive Cayley graphs of completely 0-simple semigroups are all Cayley graphs of groups, up to isomorphism, see Remark 3.2. Our proofs rely on methods developed in the fundamental paper [8] .
Preliminaries
By a graph we mean a directed graph without multiple edges, but possibly with loops. Let
, is the graph with vertex set V 1 ∪ V 2 and edge set E 1 ∪ E 2 . Furthermore, for any positive integers and , let K be the complete graph such that every vertex has a loop, and K be the union of disjoint copies of K . A mapping φ : Let S be a semigroup and ∅ = A ⊆ S. We define the Cayley graph Cay(S A) as follows: S is the vertex set and ( ), ∈ S, is an edge in Cay(S A) if there exists an element ∈ A such that = . The set A is called the connection set of Cay(S A). Note that in this way we have avoided multiple edges in Cayley graphs.
A graph automorphism (resp. graph endomorphism) on the Cayley graph Cay(S A) will be called a color-preserving graph automorphism (resp. color-preserving graph endomorphism) if = implies φ( ) = φ( ) for every ∈ S and ∈ A. The Cayley graph Cay(S A) is called vertex-transitive (resp. weakly vertex-transitive, color-preserving vertextransitive, weakly color-preserving vertex-transitive) if, for any two vertices ∈ S, there exists a graph automorphism (resp. graph endomorphism, color-preserving graph automorphism, color-preserving graph endomorphism) φ on Cay(S A) such that φ( ) = .
A non-empty subset T of a semigroup S is called an ideal of S if ST ∪ T S ⊆ T . An ideal of a semigroup S is proper if it is not equal to S. A semigroup is called simple if it has no proper ideal. A semigroup S with zero is called 0-simple if S 2 = {0}, and {0} S are its only ideals. Moreover, for a non-empty subset A of a semigroup S, we use A to denote the subsemigroup of S generated by A.
A non-zero idempotent in a semigroup S is called primitive if is minimal in the set of non-zero idempotents of S with respect to the following partial order on the set of idempotents of S: ≤ if and only if = = . A semigroup with zero is completely 0-simple if it is 0-simple and contains a primitive idempotent, and a semigroup is completely simple if it contains only one element or it is simple and has a primitive idempotent. A semigroup S is called a left zero semigroup if = for all ∈ S, and is called a left group if it is isomorphic to direct product of a left zero semigroup and a group. In particular, a left zero semigroup is a left group.
Suppose that G 0 is a group G with the zero 0 adjoined and ι G is the identity of G, I and Λ are non-empty sets, and P = ( λ ) is a (Λ × I)-matrix with entries λ ∈ G 0 for all λ ∈ Λ and ∈ I. Suppose that P is regular, in the sense that for all ∈ I there exists λ ∈ Λ such that λ = 0 for all λ ∈ Λ there exists ∈ I such that λ = 0 (1)
, and define a composition on S by
Then S is a semigroup, denoted by M 0 (I Λ; G; P) and called Rees matrix semigroup over G 0 with sandwich-matrix P. From [4] , M 0 (I Λ; G; P) is completely 0-simple, and vice versa, up to isomorphism. For any non-empty subset A of
In particular, the Rees matrix semigroup M 0 (I Λ; G; P) is called a Brandt semigroup if I = Λ and
The following results will be used in this paper. As usual, for any set X , the cardinality of X will be denoted by |X |.
Lemma 2.1 ([8, Lemma 6.1]).

Let S be a finite semigroup and A a non-empty subset of S such that the Cayley graph Cay(S A) is weakly colorpreserving vertex-transitive. Then S = S for all ∈ A.
Lemma 2.2 ([8, Theorem 2.1]).
Let S be a finite semigroup and A a non-empty subset of S. Then the Cayley graph Cay(S A) is color-preserving vertex-transitive if and only if the following conditions hold: (a) S = S for all ∈ A; (b) A is a left group; (c) | A | is independent of the choice of ∈ S.
Lemma 2.3 ([8, Theorem 2.2]).
Let S be a finite semigroup and A a non-empty subset of S. Then the Cayley graph Cay(S A) is vertex-transitive if and only if the following conditions hold:
(a) SA = S; 
Main results
In this section, we give necessary and sufficient conditions for vertex-transitivity, weak vertex-transitivity, color-preserving vertex-transitivity and weak color-preserving vertex-transitivity of Cayley graphs of completely 0-simple semigroups, as well as Brandt semigroups and rectangular 0-bands. Moreover, undirectness of this kind of Cayley graphs is also considered. 
Proof. We prove this theorem by showing that (a)
and ( 
By (2) and the fact that 0 / ∈ A ,
which shows that λ = µ. Thus, |π 3 (A)| = 1. But by Lemma 2.3 (a), we have SA = S. This implies that |Λ| = 1. Assume that Λ = {λ}. Since the matrix P is regular, λ = 0 for all ∈ I by (1). Let ( Proof. Let ∈ S \{0}. Since Cay(S A) is weakly vertex-transitive, there exists an endomorphism φ such that 0φ = .
Observe that A is not empty, (0 0) is an edge. This implies that (0φ 0φ) = ( ) is also an edge. Now, for any λ ∈ Λ, we take = ( λ) ∈ S \ {0}. By the above discussions, ( ) is an edge. Thus, there exists ∈ A such that = .
Since = 0, we can assume that = ( µ). Thus, ( λ) = ( λ)( µ). This implies that λ = 0, λ = µ and
λ . Therefore, we have (
Conversely, if the desired condition holds, then for any = ( λ) ∈ S \ {0}, there exists ∈ I such that λ = 0 and
) is an edge. Moreover, since A is not empty, (0 0) is an edge. Thus, ( ) is an edge for any ∈ S. Let ∈ S. Define a transformation ψ on S by ψ = for any ∈ S. Then ψ is an endomorphism of Cay(S A), since every vertex of Cay(S A) has a loop. Clearly, ψ = for any ∈ S.
Thus, Cay(S A) is weakly vertex-transitive.
Corollary 3.4.
Let S = M 0 (I I; G; P) be a finite Brandt semigroup and A a non-empty subset of S. Then Cay(S A) is weakly vertextransitive if and only if ( ι G ) ∈ A for all ∈ I.
Indeed, observe that, in this case, λ = 0 if and only if λ = and λ = ι G for any λ ∈ Λ and ∈ I. Thus, the condition in Theorem 3.3 reduces to the condition that ( ι G ) ∈ A for all ∈ I. Corollary 3.5.
Let S = M 0 (I Λ; G; P) be a finite rectangular 0-band and A a non-empty subset of S. Then Cay(S A) is weakly vertex-transitive if and only if, for all λ ∈ Λ, there exists ∈ I such that λ = ι G and ( ι G λ) ∈ A.
Indeed, observe that, in this case, λ = 0 if and only if λ = ι G for any λ ∈ I. Thus, the condition in Theorem 3.3 reduces to the condition in this corollary. Now, we consider undirected Cayley graphs of completely 0-simple semigroups.
Theorem 3.6.
Let S = M 0 (I Λ; G; P) be a finite completely 0-simple semigroup and A a non-empty subset of S. Then Cay(S A) is undirected if and only if
Proof. Necessity. Assume that Cay(S A) is undirected. ) ∈ A. This shows that Theorem 3.6 (c) holds. Thus, Cay(S A) is undirected by Theorem 3.6.
In this case, I = { } and S = {(
) : ∈ G} ∪ {0} is isomorphic to G 0 under the mapping ψ :
Corollary 3.8. On the other hand, observe that π 1 (A) = {1}, it is routine to check the conditions in Theorem 3.6 are all satisfied and thus Cay(S A) is also undirected. However, by Theorem 3.1, Cay(S A) is neither vertex-transitive nor weakly color-preserving vertex-transitive. Thus, Cay(S A) is not isomorphic to any Cayley graph of groups, since any Cayley graph of groups is vertex-transitive. In fact, Cay(S A) is isomorphic to 4 K 3 + K 1 .
